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STRUCTURE OF THE GENERAL SOLUTION OF THE MOMENT
PROBLEM IN NORMED SPACES AND ITS APPLICATIONS

M.I. MUSTAFAYEV?!, A.O. ATAGUN?', M. EKiCi*

ABSTRACT. In this paper, we consider the abstract moment problem in normed spaces and
determine the structure of the general solution of this problem. As an example, we consider the
control problem for a class of linear distributed-parameter control systems and determine the
structure of the general solution of this problem.
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1. INTRODUCTION

Moment problem occupies an important place in the mechanics and mathematics literature
from the end of the nineteenth century. Many problems in functional analysis, control theory,
probability and statistics can be written as a moment problem [2, 9, 13, 14].

The abstract moment problem in a normed space X is to find a bounded linear functional f € X*
satisfying

(or, Y =ar, k=1,2,.., (1)

given linearly independent elements ¢1, @9, ..., ¢n, ... € X and the numbers ay, as, ..., ay, ..., which
are complex numbers when X is a complex normed space and are real numbers when X is a real
normed space. Here, the space X* is the dual space of the space X and the notation (x, f) shows
value in x € X of a linear functional f € X*. Finding the necessary and sufficient conditions
for the existence of such a functional f is called the classical moment problem. The existence
of a solution f € X* to the problem in (1) has been extensively analyzed. Several necessary
and sufficient conditions for the existence can be found in the literature, e.g. [2, 9, 13, 14].
The moment problems and control problems have been studied extensively in the literature
[1,2,3,4,5,6,8,9, 12, 13, 14, 16, 17, 19, 20, 22].

In this paper, we determine the structure of the general solution of the moment problem (1).
The method we follow is similar to finding the general solution of linear algebraic and linear
differential equations. In addition, we consider homogenous moment problem

(o, f) =0, k=1,2,.... (2)

The general solution of the non-homogenous moment problem (1) is written as the sum of a
particular solution of the moment problem (1) and a general solution of the homogenous moment
problem (2). We also give a construction method of a particular solution of the moment problem
(1). Furthermore, we show how to translate a control problem of a class of distributed-parameter
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control systems into a moment problem; and determine the structure of the general solution of
this control problem.

2. STRUCTURE OF THE GENERAL SOLUTION

In this section, we determine the structure of the general solution of the moment problem (1).
It is clear that f = 0 is the trivial solution of the homogenous moment problem (2). Each non-
trivial solution of the homogenous moment problem (2) is called null-solution and any solution
of the non-homogenous moment problem (1) is called a particular solution, denoted by f° and
f*, respectively.

Theorem 2.1. Every solution f of the non-homogenous moment problem (1) can be written as
the sum of a special solution f* and the null-solution f°, that is

f=rr

Proof. Assume that the functional f is any solution of the moment problem (1) and f* is a
particular solution of the moment problem (1). Then,

<¢k7f> = a, k:1,2,..., (3)
(Spkaf*> = Gk, k:1,2, . (4)

If we subtract the equalities (3) and (4) at a same index k, we find the equality
(o, f= ) =0, k=1,2,... (5)

From the equalities (5), it is seen that the difference f — f* is the solution of the homogenous
moment problem (2) corresponding to moment problem (1):

f=r=r. (6)
From the equality (6), we obtain

f=r+r.
Thus, the proof is completed.

Proposition 2.1. There exists a non-zero functional f° satisfying

(o, f) =0, k=1,2,..,
if and only if the system {¢, : n =1,2,...} is not a complete system.
Proof. We prove the necessary condition when X is countable based Banach space which is

given in [24]. Suppose {¢x} is a complete system in X, and the functional f° is a solution of
the moment problem (2). Then, an arbitrary element x € X has a unique expansion

T = Zangpn. (7)
n=1

If we substitute (7) into the homogenous moment problem (2), we obtain

(z, f°) = <Zak<ﬂk,fo> = Zak (r, f°) = 0.
=1 f—1
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Since this is valid for each x € X, we have f© = 0. This contradiction proves necessary condi-
tion. Sufficient condition follows directly from Hahn-Banach Theorem.
The following theorem can be easily proved, hence the proof is omitted.

Theorem 2.2. Assume that the functionals 7, f5,..., fn, € X* are linearly independent so-
lutions of the homogenous moment problem (2). Then also the linear functional f° defined by
equality

fC=afitefi+ -+l

where c1, ¢, ..., ¢y, are arbitrary constants, is a solution of the homogenous moment problem (2).

By Theorem 2.2., the general solution f of the non-homogenous moment problem (1) can be
defined as

=+ ar,
i
where ¢; are arbitrary constants.

Now, we assume that the system f1, fo, ..., fp, ... € X* is biorthogonal to the system 1, ©s, ..., ©n, ..
that is these systems satisfy the conditions

*9

(Pr, fo) = Oke = { é’ Z ;i’ (8)

Here, the symbol dg, is Kronecker constant.

Theorem 2.3. The linear functional defined by
[f=afitafe+ - +anfn+- 9)

is a solution of the moment problem (1).

The theorem is easily proved by replacing the equality (9) into the non-homogenous moment
problem (1) and using the equalities (8). Thus, the general solution f of the non-homogenous
moment problem (1) is denoted as

F=Yarfu+ > aff, (10)
k i

where ¢; are arbitrary constants.

Note 2.1. The constants ci,ca, ..., ¢p, ... in (10) can be used in the problem of minimaliza-
tion of the functional J(f) which characterizes the control process. The f of the functional J(f)
is defined by equation (10). In this case, J(f) becomes a function of the variables c1, ca, ..., ¢p, ... .
In the special case, the functional J(f) can be taken as

J(f) = [I£1l-

3. ON THE CONTROL PROBLEM FOR A CLASS OF LINEAR DISTRIBUTED-PARAMETER SYSTEMS

3.1. Statement of the problem. Let us consider the following control system given with the
equation

n(2) = (s L) ar wor a
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and the boundary conditions

Rl(Q) = alQ’z(Ovt) + ﬁlQ(Oat) = ul(t)a Oé% + B% 7& 03 (12)
Ro(Q) = Q. (0,1) + BoQ(L,t) = ua(t), o+ B3 #0.

Here,

(v 50) Q=5 (052 + a0,

0 6262 oQ
m<m>Q g TN

where the coefficients ag and a; are real constants. The equation (11) is the vibration equation
of a wire with length ¢ when ag = 1, a1 = 0, the thermal conductivity equation of a wire with
length ¢ when ag = 0, a; = 1 and the Poisson equation when ag = —1, a; = 0. Hereafter, we will
focus on these cases. Here, the functions p(x), ¢(x), b(z) are all defined on [0, ¢]. We assume that
on [0, 4], p(z) is positive and two times continuously differentiable, ¢(z) is continuous, and b(x)
is two times continuously differentiable and it satisfies boundary conditions b(0) = 0, b(¢) =
[7]. We consider f(t), ui(t) and ua(t) as control functions.
The control problem for the system (11)-(12) is expressed as follows:
Given a set of initial and boundary conditions of time variable ¢ on a bounded interval [0, T, we
want to find functions f(t), ui(t), ua(t) in such a way that the system given with the conditions
(11)-(12) will be carried to a desired final state. This control parameter triplet f(t), ui(t), ua(t)
is also the unique solution of the initial-boundary value problem given above. We note that the
initial and final conditions are given according to the form of the differential expression m(9/0t).
For example, in the case that ag = 0, a1 # 0 the initial and the final state conditions are given
as

Q(x,0) = Qo(x), 0<zx <,

13
Q,T) = Qi(x), 0<z <L (13)
However, in the case that ap # 0 the initial and the final state conditions are given as
Q(z,0) = Qo(z), 0<uz<{,
(1) (14)
Q;(%,O):QO (55)7 O<ax<¥,
and
T)= 0<z</{
Q(Z‘, ) Ql(«T), T , (15)

Q{‘(xaT) = le)(.’L’), 0<z< &

where Qo(z), Q1(z), Q(()l)(m), le)(x) are given functions defined on the interval [0, ¢].

Definition 3.1. The control problem expressed with the equations (11)-(12) is called homoge-
nous control problem if the initial and the final state conditions are homogenous i.e. for ag = 0,

al#O

Q(z,0) =Qo(z) =0, 0<z<Y,
Q(va) = Ql(ﬂf) =0, 0<az <,

forag #£0

Q(x,0) = Qo()E, 0<x<t,
Qi(z,0)=Q(x)=0, 0<z<¢,
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and

Qx,T)=0Q1(z)=0, 0<z<{,
Qj(x,T) = P@:zu 0O<z<?.

Otherwise, it is a non-homogenous control problem.

Definition 3.2. Nontrivial control factor carrying the control system from the zero initial state
to the zero final state in a finite time interval is called the zero control factor or zero control.

Control factor carrying the control system from a given initial state to a given final state in
a finite time interval is called finite control [9, 10, 11].

3.2. Boundary value problems with parameter corresponding to the control systems.
In the control problem or control system (11), (12) and (13) [or (11), (12), (14) and (15)], we
apply 1D Fourier transform in the second variable and get

T
@(x,w)z/o Q(xz,t)e”“tdt.

Thus, we obtain the following parametrized boundary value problem

0 <g; ai) Q + 2\Q(z,w) = F(z,w), (16)
Rl(Q) = ﬂl(w)v (17)

Here,

A = apw? — aqiw,

F(a,w) =a0 [Q1 (@)e T — QU (x) + i (Qu(w)e T — Qo(x)]
o [Qi(@)e ™ — Qo(a)] + bix) f(a). (1)

We suppose that the functions ¢ (z,w) and 12(x, w) are the solutions of boundary value problems

1 (337 (i) P14+ M1 =0, Ry(y1) =0

( >¢2+>\1/12=0, Ry(1p2) =0

Then, the solution of equation (16) satisfying boundary conditions (17) is found by
5 _ Pe(z,0) wl x,w) /
T,w — U (W) + ————— G(z,&,w)F(§,w 19
G(z,&,w) is the Green function and is expressed in [7] as the following
; { w1($7w)¢2(§7w)7 0<z< 57
pPOW(0,w) | ¥1(§w)a(z,w), §<z <L

Here, the function W (z,w) is Wronskii determinant of the functions 1 (z,w) and s (z,w).
Now, let y1(z,w) and ya(z,w) be the solutions of the equation

E(x,8>y+)\y:0,
ox

G(xvfaw) = -
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satisfying the conditions

0, k#s,

(s—1) _ _
Ik (O’W)_ék’s_{ 1, k=s.

Then, we can get the functions ¢;(z,w) and ¥9(x,w) as

_ n(z,w) pz,w)
)= TRl R | 20)
_ |nz,w) ye(z,w)
valo,w) = ;\32(1/1) ;‘32(2»/2) ' @)
The equalities
Ri(¢2) = Alw), Ra(¢n) = —Aw), W(0,w) = Aw),
can easily be shown. Here,
_ |Ri(y1) Ra(y2)
2= ) e
Using these relations, we can write the formula (19) as
Qo) = BN o )iale) = pl0)
Here,
T 4
) = (o) [ F&)in(o)ds + (o) [ Fl6w)aléw)de (22)

In our setting, the function @Q(z,t) must be compactly supported in the interval [0,7] in the
second variable. Moreover, Q(z,t) € L?[0,T] for all z € [0, £]. Hence, according to Wiener-Paley
Theorem, for each z, the function @(:1:, z) is an entire function of exponential type with degree
not exceeding T'. According to Wiener-Paley Theorem, the converse is also true, i.e., H(z) is an
entire function of exponential type, its inverse Fourier transform of is supported by the interval
[0, T]. Thus, to make the function Q(z,t) finite with respect to time, the functions f(w), 1 (w)
and @ (w) must be selected such that the function Q(z,w) has the needed analyticity. Recall
that the spectral problem

0
(g ) o e aw=0, R =0, Ralw) =0,
has real characteristic values {—\x} and characteristic functions ¢y (z) corresponding to the
characteristic values. This characteristic values are enumerated in ascending order [15, 21, 23]:
AL <A << A < A1 < -y
and

lim A\, = +o0.
n—oo

The points that the function @(m,w) is not regular are exactly the points wy, which can be
founded from

aow,% - iwkal = —/\k, k= 1, 2, ee

Without loss of generality, here we assume that characteristic numbers A; are not repeated. For
certainty, we consider the cases



28 TWMS J. PURE APPL. MATH., V.8, N.1, 2017
ap=1, a3 =0,

apg = —1, al = 0.
Corresponding to these cases

wk:i/\k,
WE :i\/r,
Wi ::t\/rk.

For the function @(x,w) be regular at the points wy, the equalities

- s 1
o, wr) i (wr) — V1 (2, wi) e (wr) — mh(x,wk) =0,
must be satisfied for wi, k = 1,2,... . From (20) and (21), the inequalities
0
Y1(z,wy) = —péo)cpk(:c% k=1,2,...,
k
0
'po((L’,UJk) = p[gl) k(m)a k= ]-7 27 )
k
are obtained. Here,
0
0 _po(él)gpk(O)’ 1 #0’ k: ]‘727"'7
=0 0,
&wﬁm, a1 =0, k=1,2,..,
1
bl 290([2)80'%(‘6)7 a2 #O’ k: ]"2"";
ko plf)

—20(0), ag=0, k=1,2,....
2

B
By substituting equalities (24) and (25) into (22) we find the equalities

l
h(z,w) = 2 | Fewniods k=12,

- bRby

By substituting the (26) into (23) we obtain the equality

¢
ir(en) + i) = [ P& on)or(€)de =0, k=1.2,...
0
Using the expression of F'(z,wy) defined by (18) in (27), we obtain
bt (wr) + bjdi(wi) + b f(wi) = 6, k=1,2, ..,
where

Qlke_iwkT - QOk‘? ag = 0; ai ?é 07 k= ]-7 27 ceey
(Sk = Q&)eiwkT - Q](Cl) + Zwk (QlkeilwkT - QOk) y o 7é 07 k= 17 27 ey

_ [Q%ﬂ)efiwkT B Q;(Cl) T iwy (Qlkeﬂ'wkT . QOk)} Cag£0, k=12 .

K E
Qor = /0 Qo(w)gr(@)de, .., Q) = /0 QY (@)pr(w)da.
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The condition (28) is the interpolation problem to find the functions f(w), @;(w) and g (w).
The equality (28) is a linear algebraic equation with three unknowns, for each number k. We
can show the general solution of (28) as

flor) =, k=1,2,..,
al(wk) = Ck2, k= 1,2, . (29)

- 1
tg(wg) = T (bkckl + bgckg) , k=1,2, ..,
k

where ci; and cgo are arbitrary constants. We find the general solution of homogenous control
problem for system (11)-(12) by solving (29), which is the interpolation problem given in [18].
Here, since

T
dl(wk):/ e_iw’“tul(t)dt,
0

T
a(n) = [ e un()d,
i T
Flwn) = /0 ekt (1)t

we have carried the control problem considered from equalities (29), to the equivalent moment
problem [10]:

T
/ el ()t = o, k=1,2,...
OT '
/ e_lwktul (t)dt = Ck‘27 k = 1, 2, ceey (30)
' 1
/ e Wby, (t)dt = bl (6 — brcr — bk0k2) k=1,2,...
0

In (30), if we take Qor = 0, Q1 = 0 and Qg? = 0, we obtain the equivalent moment problem
for the homogenous control problem given with the system (11)-(12).

3.3. The structure of the general solution of the non-homogenous control problem
for the system (11)-(12). We prove the theorem determining the structure of the general
solution of the control problem for linear systems.

Theorem 3.1. If the functions fo(t), uio(t) and ug(t) form a special solution of the non-
homogenous control problem of the system (11)-(12), then the general solution of this problem
s found by
ft) = f* t) + folt),

1(t) = ui(t) + uo(?),
(t) + u20(t),
where the triplet f*(t), ui(t) and ub(t) is the general solution of the corresponding homogenous
control problem.

£

(
*
Uy
*
Ug

Proof. According to our assumption the triplet fo(t), u10(t) and wugo(t) is a solution of non-
homogenous control problem

m @) Qo =t <x ai) Qo +b(z) folt),

R1(Qo) = u10(t), R2(Qo) = ua0(t),
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Qo(z,0) = Qo(x),  Qo(z,T) = Qu(),

Quj(,0) = QW(@). Quj(x.T) = Q" ().
The triplet f*(t), uj(t) and u3(t) is a solution of the corresponding homogenous control prob-
lem. Now, suppose that the triplet f(¢), ui(t) and wug(t) is an arbitrary solution for the non-
homogenous control problem for the system (11)-(12). Then the differences f*(t) = f(t) — fo(t),
ui(t) = ui(t) —uio(t) and u3(t) = ua(t) — ugo(t) is clearly a solution of the homogenous control
problem

m<;>@=e@%i)@+wwﬁ@»
Ri(Q) = wi(t), Ro(@) = ub(t),

Q(x,0)=0, Q(z,T)=0,

Thus, the proof is completed.

Example. Suppose that the control system is given by the equation
’Q _ &Q
o2 ox2’
and boundary conditions

0<zx<l, 0<t<T, (31)

Q(Oat) = u(t)7 0<t< T?

Q(L,t)=0, 0<t<T. (32)

We find the general solution of homogenous control problem for the system (31)-(32). If we
perform Fourier transformation in the system (31)-(32), considering zero initial state conditions
and zero final state conditions, we pass to the control system

PQ 5~
W + w2Q = 0, (33)

QO.w) =i(w), Q1,w)=0, (34)
dependent to the parameter. Then, for the system (33)-(34)
sinw

y1(z,w) = coswz, ya(z,w) = ,
w

Ri(y1) = 1, Ri(y2) = 0,

sin w

Rao(y1) = cosw, Ra(ya) = .

Thus,

sin wx sinw(l — x)
wl(xaw) = ) ¢2(377w) - Tv
Alw) = 229 we =km, k=12, ...

w
The solution of the system (33)-(34) is found as

~  sinw(l —x) ﬁ(w)'

Q pu—
The interpolation condition for the function u(w) is

G(wy) =0, k=1,2,.... (35)

sin w
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The solution of the interpolation problem (35) is found in [18] as
t(w) = v(w) sinw.

Here (w) is a complete function such that ii(w) € L?(—o0, o). For example, we can take

c
Y=
w
where c is a constant. Then
csinw
u(w) =
) ==
Using the inverse Fourier transform
1 [ .
u(t) = / e“ti(w)dw,
2 J_ o
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